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Abstract 

In this review article, we make an attempt to find out the relationship between 
separating and cyclic vectors in the theory of von Neumann algebra and entangled 
states in the theory of quantum information. The corresponding physical interpreta- 
tion is presented as well. 
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1 von Neumann algebras 

Let % be a Hilbert space for which L (7i) stands for the all bounded linear operator 
acting on it. Assume that M. is a subset of L (H), i.e., M. C L {%). We denote by M.' its 
commutant, i.e., the set of all bounded operators on % commuting with every operator 
in M: 

M' = {M' € L {%) : [M',M] = for all M G M } . 

Clearly, A4' is a Banach algebra of operators containing the identity 1. If Ai is self- 
adjoint, then M 1 is a C*-algebra of operators on %. One has 

M C M" = M {iv) = M {vi) = ■ ■ ■ 
M' = M'" = M {v) = M {Yii) = ■ ■ ■ 

Definition 1.1. A von Neumann algebra on % is a *-algebra of L (H) such that 

M = M". 

The center of a von Neumann algebra A4 is defined by 

C = M n A4'. 

A von Neumann algebra is called & factor if it has a trivial center, i.e., if C = CI. 

Definition 1.2. If M. is a subset of L (H) and Ho is a subset of H, let [A^Ho] denote the 
closure of the linear span of elements of the form M\u), where M € A4, \ u) € "Ho- Let 
[yWHo] also denote the orthogonal projection onto [AfHo]. 
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Proposition 1.3. Let Tr be the usual trace on L (H), and let C\ be the Banach space of trace-class 
operators on % equipped with the trace norm T i— >• Tr (| T|) = || Tj^. Then it follows that L (H) 
is the dual C\ of C\ by the duality: 

(A, T) <E L (H) x d i — ► Tr (AT) . 

Definition 1.4. The space of cr-weakly continuous linear functionals on L (Ti) is called 
the predual of L (H) and is denoted by L 

As noted in Proposition II .31 L (H)^ can be canonically identified with C\ and L {%) = 

(L(W)J*. 



1.1 Normal states and the predual 



If }i is a cr-finite measure, the L°°(du) forms a von Neumann algebra of multiplication 
operators on the Hilbert space L 2 (dji). L°°(d}i) is the dual of L 1 (dp.); L 1 (du), however, is 
only a norm-closed subspace of the dual of L co (dji). 

In this section, we single out an analogous subset of the dual of a von Neumann 
algebra Ai, called the predual, and study its properties. 

Definition 1.5. The predual of a von Neumann algebra Ai is the space of all cr-weakly 
continuous functionals on Ai. It is denoted by Ai*. 

Note that all elements of co G Ai * have the form 

co(M)= 1 £{C„\M\ijn) t 

n 

2 2 

where || |£ n ) || < +oo and || \n n ) || < +oo. 

Remark 1.6. Now we remark here that we can construct an operator (in Dirac notation) 

EI&X^I 

n 

2 2 

when || |£„) || < +oo and || l^n) || < +°°- 



Since 



< Elll^X^III = Elll£»)ll III 1 /") 



< Elll^)ll 2 Ell Mil 2 <+°°' 



it follows that Y^n \£n)(rjn\ £ L("H). Therefore, each normal element co G M* has a 
representative in L (H): 



where (X,Y) HS = Tr(X*Y). 

Proposition 1.7. T/ze predual M* of a von Neumann algebra M is a Banach space in the norm 
of M*, and M is the dual of M* in the duality 

(M,co) € Ai x M* i — > co(M). 

Remark 1.8. We recall the following identifications: 

(■\ — (-co, = ^oo/ C-\ — L {T~L) ■ 

Thus the predual M * of von Neumann algebra can be viewed as an analog of C p -class 
with p — 1 in L (H). Therefore, we have that if denote Moo = M and M\ = M* 



In particular, when M = L (H), we have L (H)^ = L ('H) 0O . 

Proposition 1.9. Lrf co be a state on a von Neumann algebra M. acting on a Hilbert space H. 
Then the following conditions are equivalent: 

(i) co is normal; 

(ii) co is a-weakly continuous; 

(Hi) there exist a density matrix — a positive trace-class operator D w on % with Tr (D w ) = 1 — 
such that co(M) = Tr (D W M) for all M in M. 

Remark 1.10. We recall that Riesz Representation Theorem describes continuous func- 
tional on a Hilbert space has a vector representative: If / is a continuous functional on a 
Hilbert space H, then there is a vector \ut) G % such that 



By comparison with Riesz Representation Theorem, we have: For each normal state 
co e M*, it has a representative D w in L (H) as follows: 




(M*)* = M, or M\ = M 



f{\v)) = (u f \v), V\v)eH. 



co(M) = {D W ,M) 



HS • 
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By the definition of normal element in Ai*, there exist a sequence of vectors {\ip n )} in 
Ym || \ip n ) || < +00, such that 

D co = ElV 7 «)( I / 7 «l- 

n 

Furthermore, setting A n = || \tp n ) \\ > and \tp n ) = yXn\<p n ) with ||</> n || = 1, we have 

Do, = Y^^n\<pn)(<pn\- 

n 

Proposition 1.11. Let Ai be a von Neumann algebra acting on a Hilbert space %. If X be a 
a-weakly closed two-sided ideal in Ai. Then there exists a projection E G Ain Ai' such that 
1=EME. 

1.2 c-finite von Neumann algebras 

Definition 1.12. A von Neumann algebra Ai, acting on a Hilbert space H, is a-finite if 
all collections of mutually orthogonal projections have at most a countable cardinality 

Definition 1.13. Let Ai be a von Neumann algebra on a Hilbert space %. A subset Hq C 
H is cyclic for Ai if the set {M\u) : M G Ai, \u) G Uq} is dense in H, i.e., [MHq] = %. 
We say that Hqis separating for Ai if for any M <E Ai, M\u) = for all \u) £ Hq implies 
M = 0. 

Proposition 1.14. Let Ai be a von Neumann algebra on a Hilbert space % and Hq C H a 
subset. Then Hq is cyclic for Ai if and only if Ho is separating for Ai' . 

Definition 1.15. Let Ai be a von Neumann algebra on a Hilbert space H. A vector |Q) 
is called cyclic for Ai if the set {M|Q) : M G Ai} is dense in U, i.e., [7W|0)] = H. We 
say that |Q) G H is separating for .M if for any M G .M, M|Q) =0 implies M = 0. 

Proposition 1.16. Let Ai be a von Neumann algebra on a Hilbert space % and |Q) G %. Then 
|Q) is cyclic for Ai if and only if \Cl) is separating for Ai'. 

Definition 1.17. A state a? on a von Neumann algebra Ai is faithful if co(M) > for all 
nonzero M £ Ai + . 

Proposition 1.18. Let Ai be a von Neumann algebra on a Hilbert space %. The the following 
four conditions are equivalent: 
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(i) M is cr-finite; 

(ii) there exists a countable subset ofH which is separating for M; 
(Hi) there exists a faithful normal state on M; 

(iv) M is isomorphic with a von Neumann algebra n(M) which admits a separating and cyclic 
vector. 

1.3 Tomita-Takesaki modular theory 

Tomita-Takesaki Modular Theory has been one of the most exciting subjects for operator 
algebras and for its applications to mathematical physics. We will give here a short 
introduction to this theory and state some of its main results. 

If von Neumann algebra M is a (7-finite, we may assume that M has a separating 
and cyclic vector | Q) . In Tomita-Takesaki modular theory one studies systematically the 
relation of a von Neumann algebra M and its commutant M' in the case where both 
algebras have a common cyclic vector | Q) . The mapping 

MeM i — > M|n) e U, 

then establishes a one-to-one linear correspondence between M and a dense subspace 
M.\Cl) of %. This correspondence may be used to transfer algebraic operations on M. to 
operations on M. | Q) . 

The two anti-linear operators So and Fq, given by 

s M|n) = M*|Q), VMGM 
F M'|Q) = M'*|0), VM'eM', 

are both well-defined on the dense domains D(So) = Ai\Cl) and D(Fq) = A4'\d). 
Proposition 1.19. So and Fq are closable. And 

So = F 0/ Fo = ^0/ 

where the bar denotes the closure. 
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Definition 1.20. Define S and F as the closures of So and Fq, respectively, i.e., 

S = So, F = F . 

Let A be the unique, positive, self-adjoint operator and / the unique anti-unitary operator 
occurring in the polar decomposition 

S = /A2 

of S. A is called the modular operator associated with the pair {M, |D)} and / is called the 
modular conjugation. 

Proposition 1.21. The following relations are valid: 



A = FS J S = /A2 I }*=} 
A -1 = SF \ F = /A-i ' 1 J 2 = 1 



Theorem 1.22 (Tomita-Takesaki Theorem). Lei Mbea von Neumann algebra with cyclic and 
separating vector |Q), anrf /rf A be associated modular operator and f the associated modular 
conjugation. It follows that 

JMJ = M', 
A it MA -u = M,Vte~R. 



1.4 Self-dual cones and standard forms 

Definition 1.23. The natural positive cone V associated with the pair (M, |Q)) is defined 
as the closure of the set 

{Mj(M)\Cl) : M <E M} , 
where ; : M i — > M' is the anti-linear * -isomorphism defined by 

j(M) = JMJ, VM <E M. 

Proposition 1.24. The closed subset PC?{ has the following properties: 



(i) 



A*M + \n) 

A? [A^ + |0>] 



A"W + |n 



A~4 



M' + \n)]] 



and hence V is a convex cone; 
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(ii) A U V = V for all t G R; 

(Hi) if f is a positive-definite function, then /(log A)V C V; 

(iv) if\£)EP, thenj\£) = 

(v) ifMeM, then Mj(M)V C V. 

Proposition 1.25. (i) V is a self-adjoint cone, i.e., V = V y , where 

V v = {\n)eH:(Z\n)^Oforall\Z)eV}. 

(ii) V is a pointed cone, i.e., 

vn(-v) = {0}. 

(Hi) If Jig) = then |£) has a unique decomposition |£) = — jc^)/ afere |£i), Ifo) G ^ 
and |fc>±|&). 

(zu) "H is linearly spanned by V. 

Proposition 1.26 (Universality of the cone V). (i) If |£) £ P, fen |£) is cyclic for M if 
and only if |£) is separating for M. 

(ii) If \£) £ V is cyclic and separating, then the modular conjugation and the natural 
positive cone V\q associated with the pair (M, |£)) satisfy 

Theorem 1.27 (Araki). For each |£) G V, define the normal positive form co^ G Ai* t + by 

a; f (M) = (g r |M|e> / MeM. 

It follows that 

(i) for any co e -M* /+/ fere exfsfs a unique |^) e? szzcfo f/zaf a; = a;^, 

(zz) f/ie mapping |£) 1 — »■ a;^ is a homeomorphism when both V and M* r + are equipped with 
the norm topology. Moreover, the following estimates are valid: 

\\\Z)-\v)\\ 2 ^ ^ } -tv M < mo- \v) II 1110 + \n) II- 
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2 The operator-vector correspondence 



For the operator-vector correspondence, we distinguish two situations where slight dif- 
ferences occurred in the corresponding definitions. 

2.1 vec mapping in unipartite operator spaces 

It will be helpful throughout this course to make use of a simple correspondence between 
the spaces L [X, y) and y ® X, for given complex Euclidean spaces X and y. We define 
the mapping 

vec:L(X,y) — ► y <g> X 

to be the linear mapping that represents a change of bases from the standard basis of 
L (X, y) to the standard basis of 3^ <8> X. Specifically, we define 

vec(E F/V ) = e v ® e v 

for all ]i G E and v G T, at which point the mapping is determined for every A € L ( <Y, 3^) 
by linearity In the Dirac notation, this mapping amounts to flipping a bra to a ket: 

vec(|p)(v|) = \v) = \ji)\v) = \iiv). 

(Note that it is only standard basis elements that are flipped in this way) 

The vec mapping is a linear bijection, which implies that every vector \u) € y X 
uniquely determines an operator A G L [X , y) that satisfies vec(A) = \u). It is also an 
isometry, in the sense that 

(A,B) = (vec(A),vec(B)) 
for all A, B £ L (Af, 3^). The following properties of the vec mapping are easily verified: 

(i) For every choice of complex Euclidean spaces X\, Xj_, y\, and 3^2/ and every choice 
of operators A e L (X lf y r ) , B e L (X 2 , y 2 ), and X G L (X 2f X x ), it holds that 

(A ® B) vec(X) = vec(AXB T ). (2.1) 

(ii) For every choice of complex Euclidean spaces X and y, and every choice of oper- 
ators A, B £ L (Af, 3^), the following equations hold: 

Tr* (vec(A) vec(B)*) = AB*, (2.2) 
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Try (vec(A) vec(B)*) = (B* A) T . (2.3) 

(iii) For |w) G and |p) G 3^ we have 

vec(|u)(z?|) = \u) ®\v). (2.4) 
This includes the special cases vec(|u)) = \u) and vec((z>|) = \v). 

Example 2.1 (The Schmidt decomposition). Suppose \u) G 3^ <8> # for given complex 
Euclidean spaces # and X Let A G L (Af, y) be the unique operator for which \u) = 
vec(A). There exists a singular value decomposition 



A = Y^ s i\yi)( x i\ 

i=i 



of A. Consequently 



\u) = vec(A) = vec(J^s f |y f )(^|) = J] s f vec(|y f ) (*,-|) = £s,-|y,-) <g> |x;). 

i=l z=l i=l 

The fact that . ., \x r }} is orthonormal implies that | |xi ),..., |x r ) | is orthonormal 

as well. 

We have therefore established the validity of the Schmidt decomposition, which states 
that every vector \u) G y ® X can be expressed in the form 

r 

\ u ) = D s flyi) ® l z i) 

i=l 

for positive real numbers Si, . . . ,s r and orthonormal sets 

{\yi)>---,\yr)} cy and {|zi>,...,|z r » c x. 



2.2 vec mapping in multipartite operator spaces 

When the vec mapping is generalized to multipartite spaces, caution should be given 
to the bipartite case (multipartite situation similarly). Specifically, for given complex 
Euclidean spaces X A / B and y A /B> 

vec : l (x A <g> x B , y A ® y B ) — > 3^ <s> x A % y B ® x B 
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is defined to be the linear mapping that represents a change of bases from the standard 
basis of L (X A <8> X B , y A <8> y B ) to the standard basis of y A X A y% X%. Concretely, 

vec(\m)(n\ \}i){v\) := \mn) \uv) = \mnuv), 

where {\n}} is an orthonormal basis for X A and {\v}} is an orthonormal basis for Xb, 
while {\m)} is an orthonormal basis for y A and (|^)} is an orthonormal basis for ^b- 
Analogously, the mapping is determined for every operator X G L (X A Xg,y A yB) 
by linearity Note that if X = A B, where A G L (X A> y A ) and BeL^Jg), then 

vec(A <S)B)= vec(A) ® vec(B). 

3 Explicit examples 

Example 3.1. Let Ha be a d-dimensional complex Hilbert space. Consider a von Neu- 
mann algebra M. = L (%d)- F° r an y X G L (7-^), the following map defined a faithful 
representation of von Neumann algebra M on a Hilbert space 1-1 = Hd® lid'- 

n : Xi — ► tt(X) = X<g)l d . 

Setting |0) = vec(l^)/ we have that |0) is a separating and cyclic vector in H for von 
Neumann algebra n{M) = L {lid) ® Therefore we can conclude that von Neumann 
algebra M have a standard representation {7i(M),H, |0)). 

Consider the Tomita-Takesaki modular theory in {7i(M),H, |0)). According to the 
Tomita-Takesaki modular theory 

Stt(X)|Q) =tt(X)*|Q) = (X*®l d )|0), VXgAL 

which is equivalently described as 

Svec(X) = vec(X*), VX G M. 

If we assume that K is the complex conjugate operator and P is a swap operator, then 

Svec(X) = vec(X*) = vec((X) T ) = Pvec(X) 
= PKvec(X) = KPvec(X), 

which means that S = PK = KP. Similarly, / = S = F = PK = KP, therefore A = 1. In 
quantum physics, K stands for time reversal operation. 
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Theorem 3.2. The set of all separating and cyclic vectors in Hfor n(M) is precisely the set 

(vec(A) G H : A G M is not singular} . 

Proof. If A G M is not singular, then for any n(X) G 7i(M), we have 

tt(X) vec(A) = <^=> vec(XA) = 0^XA = 0^X = 0. 
Thus vec(A) is a separating vector. When X is all over M, we have 

n(M) vec(A) = vec(AlA) = vec(.M) = U, 

which implies that vec(A) is a cyclic vector. 

Now suppose that \xp) G W is a separating and cyclic vector for zr(A^). Then there 
exists an operator By e M such that \ip) = vec(By). If By is singular, then .A/lffy is a 
proper left ideal of M. Thus zr(A1)|^) 7^ H and there exists Xi 7^ X2 such that Xiffy = 
X2By. That is, tt(Xi) = 7i{X2)\ip). Therefore \xp) = vec(By) is not a separating and 
cyclic vector for singular operator By. □ 

Remark 3.3. We recall that the Schmidt rank of pure state |t/>) G H is defined by 

SR(|#» = rank^), |#) = vec(B ! p). 

Hence the above result can be described equivalently as: 

Claim: \tp) G % is a separating and cyclic vector for 7r(.M) if and only if SR(|t^)) = d. 

In some sense, separating and cyclic vectors stands for quantum states of most en- 
tanglement of measure. 

If co is a state on M, then there exist density matrix D w G L (Hd) such that 

co(M) =Tr(D w M) = (D W ,M) HS , M G L . 

It is known that co is faithful if and only if D w is not singular. Since dim (7^) = d < +00, 
it follows that all states on M. are normal. 

Consider the normalized vector |Q) = vec( v / D a; ) G % for faithful normal state co. It 
is easily seen that 

co(M) = (Q|tt(M)| Q). 
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|Q) is a separating and cyclic vector n{M). In terms of the language of quantum infor- 
mation theory, |Q) is a purification of density matrix D w in %. Thus there is a connection 
between the standard representation of von Neumann algebra with a faithful normal 
state and purification of density matrix: 

Given a faithful normal state co on von Neumann algebra Ai. Then the standard 
representation of M. is {n{M),%, |0)), where |Q) = vec(^/DZ) is a purification of 
density matrix D w which is not singular. 

Example 3.4 (Unification of finite or countable infinite situation). A simple example 
of the Tomita-Takesaki theory and its related KMS states can be built on the space of 
Hilbert-Schmidt operators on a Hilbert space. The set of Hilbert-Schmidt operators is itself 
a Hilbert space, and there are two preferred algebras of operators on it, which carry the 
modular structure. 

Let J$? be a (complex, separable) Hilbert space of dimension N (finite or infinite) and 
{\ipi)}fLi an orthonormal basis of it. We denote by Ci the space of all Hilbert-Schmidt 
operators on Jf (C2 C L This is a Hilbert space with scalar product: (C2, (■, - )hs) 

<X,Y) HS = Tr(X*Y). 

The vectors (an element of C2 is called vector although it is operator on J$f), 

{Eij= \tpi)(tpj\ :i,j = 1,2,... ,N} 

form an orthonormal basis of Cj_, 

In particular, the vectors, 

are one dimensional projection operators on J4f. In what follows 1 will denote the 
identity operator on and I2 that on C2 (in later notation: I2 = 1 M 1). 

All bounded linear operator acting on C2 (i.e., linear super-operators in T (Jt?)) are 
denoted by L(C2). We identify a special class of linear operators on C2, denoted by 
A K B e L (C 2 ) , A, B e L (Jf ), which act on a vector X <E C 2 in the manner: 

AKB(X) = AXB*. 

Using the scalar product in C2, we see that 
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(i) (A KB)* = A* MB*, 

(ii) (Ai m Bi)(A 2 M B 2 ) = AiA 2 M B X B 2 . 

Indeed, 

((ABB)*(Y),X) HS = (Y, (A K B)(X)) HS = Tr (Y*AXB*) 

= Tr (B*Y*AX) = <(B*Y*A)*,X) HS 

= <A*yB,X) HS =(A*KB*(y),X) HS , 

which implies that (A H B)* = A* B B*. Similar reasoning goes for (Ai K Bi) (A 2 El B 2 ) = 
Ai A 2 El BiB 2 . 

There are two special von Neumann algebras which can be built out of these opera- 
tors. These are, 

A\ = {A/ = AMI: A e L(Jt?)}, A r = {A r = 1 M A : A eL(Jff)}. 

As a matter of fact, A/ is a left regular representation of A or a left multiplication by 
A; A r is a right regular representation of A* or a right multiplication by A*. For any 

A, B G L ( Jf 7 ), we have 

A;B r = B r A\, [Aj,B r ]=0. 

In fact, for any X £ C 2 , 

A,B r (X) = (AB1)(1BB)(X) = (AB1)(XB*) 

= AXB* = (1 El B) (AX) = (1 El B) (A E 1) (X) 
= B r A|(X). 

They are mutual commutants and both are factors: 

(Ai)' = A ri (Ar)' = A], A } nAr = Cl 2 . 

Consider now the operator / : C 2 — > C 2 , whose action on the vectors E;y is given by 

JEjj = Eji => J 2 = t 2 , J(\<p)(ip\) = \ip)(<p\, V\<p),\ip) 

This operator is anti-unitary, and since 

[](AMl)J}Eij = ]{Amt)E ji = ]{AE ji ) 

= /(A|^)(^|) = I^X^-IA* = (1 M A)Ejj, 

14 



we immediately get 



JAiJ = A r . 



• A KMS state. 

Let {A;}^ (N ^ +00) be a sequence of non-zero, positive numbers, satisfying, 
Tg 1 \ i = l. Let 

O ^ £ y/XlEu e C 2 . (3.1) 
We note the following properties of O. 

(i) O defines a vector state co on the von Neumann algebra A\. This follows from the 
fact that for any AMI € .4/, we may define the state co on A\ by 

N 

cf(A Kl 1) = (O, (A M 1)0) HS = Tr (0*AO) = Tr (D a ,A) , D w = ^AjEjj, (3.2) 

i=l 

thus n = D*. 

(ii) The state co is faithful and normal. Normality follows from the last equality in 
Eq. (|3.2[) and the fact that D w is a density matrix. To check for faithfulness, note 



that for any A M 1 G A h 

N 



a; ((A Ml)* (AMI)) = co(A*AMt)) = Tr (D W A*A) = £A f ||A|#)II , 

from which it follows that co ((A Ml)* (A Ml)) = if and only if A = (since the 
\ipi) are an orthonormal basis set and the A, > 0), hence if and only if A M 1 = 0. 

(iii) The vector O is cyclic and separating for A\\ [A/O] = Cj_. Indeed, cyclicity follows 
from the fact that if X e C 2 is orthogonal to all (A M 1)0, A € L (Jf), then 

N 

(X,(ABl)n) HS = Tr(X*AO) = £ ^/Af (ty \X*A\ ty) =0, VA e L (ft) . 

i=i 

Taking A = E/ c /, we easily get from the above equality, (xpi \X* \ xpj ( ) = and since 
this holds for all k, I, we get X = 0. In the same way, O is also cyclic for A r , hence 
separating for A\, i.e., (A M 1)0 = (B M 1)0 AMI = BM1. 
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We shall show in the sequel that the state to constructed above is indeed a KMS state for 
a particular choice of A;. 

• Time evolution and modular automorphism. 

We now construct a time evolution o*f{t € R), on the algebra A\, using the state to, 
with respect to which it has the KMS property, for fixed f> > 0, 

w(M^(B z )) = o;«(B/)A z ), VA Z/ B, e A 
and moreover the function, 

F A; , B; (z)^ f o;(A / <(B / )), 



is analytic in the strip {z € C : < Im(z) < 5} and continuous on its boundaries. We 
start by defining the operators, 



Pi; — E?'i ^ %• 



Clearly P/y are projection operators on the Hilbert space Cj_: 

P* = P 

r i; 1 1)' 

p2 — p.. 

Indeed, 

P*. = (E n KE j7 )* = E*.KEj = E n KE j7 = P !7 , 
P?- = (£;,• IE E ;7 ) 2 = £?• M Ejj = En IE Ejj = P;y. 

Using D w and for a fixed B > 0, define the operator H w as: 

1 1 N 

D w ^ e-P H » ^H l0 = ~lnD w = -- £(lnA,-)Etf. 

P P i=l 

Clearly [D w , H w ] = 0. Next we define the operators: 

Hi=H w Kl, H^,=1K Ho;, Ho, ^ Hi, -HJ, 

Since E£i Efi = 1, 

we may also write 

■t N I N 

H l = —a E (InA.OPi,-, = E (lnA ; -)P iy . 



P i,j=i P i,j=i 



16 



Thus 



Using the operator: 



Z 3 fii 



we define a time evolution operator on C^. 
and we note that, for any X G C2, 



? ^(X) = P i; -(X) 



i=i 



e iH w t Xe -iH w t 



N _ if 



(X) 



so that 



It is clearly that O commutes with and hence that it is invariant under this time 
evolution: 



CI. 



Finally using e lHa ^(n) we define the time evolution a w on the algebra A\, in the manner: 

of(Ai) = e iH -%e~ iH ^, VA Z e A h 
Writing A\ — A IE 1, A e L (^), and using the composition law, we see that 



iHo,( 4 „-iH w f 



II, 



so that 



o;«(A/)) = Tr (o^^Ar^^) = Tr (V^D^^a) 
= Tr (D^A) = cv(Ai), 

since D w and H w commute. Thus, the state co is invariant under the time evolution a w . 
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To obtain the KMS condition, we first note that, with A r = AMI and B x = B M 1, 



Ae iHwt Be~ iHwt 



II. 



Hence, 



F Al/Bl (t) = cv(A l a?(B l ))=Tr(D a ,Ae iH « t Be- iH « t ) 



Tr ( e~ m ^D w Ae iHwt B) = Tr ( D M e~ iHwt Ae iHwt B ) , 



the last equality following from the commutativity of D w and H w . Thus, since D c 
e -pHo> i that is, D w eP H " = 1. Thus 



F AliBl (t + iB) = Tr^Dtoe-^e^Ae^e-^B^ 
= Tr (p u eP Hw e~ iHwt Ae lHwt e~P Hw B^ 



= Tr [ e- iH ^Ae iH ^D M B) = Tr { j H " t D u Be- w < 



= Tr 



so that 



o;(A z < i/3 (B z )) = Tr (d^'B^'a) = o;«(B^), 
which is the KMS condition. 

• The anti-linear operator S M . 

We now analyze the anti-linear operator : C2 — > C2, which acts as 

S a ,(A / 0) = A ; *Q, VA; <e A/. 

Taking A/ = A H 1, 

S a ,(A;0) = Af O, VA, G A/ -<=>- So, (AO) = A*H, VA e L (Jf ) . 
Moreover, we may write, 

N N 

S w (AO) = A*Q =*► £ ^S^AEu) = £ v^^ii- 

i=l i=l 

Taking A = and using E H £ fi = <J/ f E fa -, we then get 



Scv(E M ) — \ -r-'Eik- 
A/ 
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Since any A 6 L (Jf ) can be written as A = Y^j=i a ijEij> where fl/y = (I/?/ |A| xpj), and 
furthermore, since P,-y(Efc/) = S^SjiEfj, we obtain 

i 

which in fact, also gives the polar decomposition of S^. 

Thus, we could have obtained the time evolution automorphisms of(t € R), by 
analyzing the anti-linear operator S w , (since S^So, = A w ) directly Also, we see that the 
modular operator simply defines the Gibbs state corresponding to the Hamiltonian H w . 

• The centralizer. 

The centralizer of A\, with respect to the state co, is the von Neumann algebra, 

M u = {Bi € A\ : w{[B u Ai]) = 0,VA z e At} . 

Let us determine this von Neumann algebra. Writing A\ = A IE 1, B\ = B E 1, the 
commutator, [B h A{\ = (AB - BA) E 1. Hence 

to([B h A l ])=Tr{D LO (AB-BA)). 

Thus, in order for the above expression to vanish, we must have, 

N N 

E X i (Vi \ AB \ *Pi) = E X i \ BA \ %) > VA G L {%) . 

i=l i=l 

Taking A = \ip k )(ipi\, this gives, 

A fc <^z |B| V>fc> = M(%\B\ip k ), Vk,l = 1,...,N, 

and since in general, A^ 7^ A/, this implies that (i/?/ |B| i/^) = whenever k ^ I. Thus, 
B is of the general form B = Y^LibiEivty £ C, In other words, the centralizer TWo; 
is generated by the projectors E ■• = IE 1, z = 1, . . . , N, which are minimal (i.e., they 
do not contain projectors onto smaller subspaces) in A\. Alternatively, we may write, 
Mco = {H-lo}" ' where H l w is the Hamiltonian defined above, so that it is an atomic, 
commutative von Neumann algebra. 



4 Araki relative modular theory 

Consider a von Neumann algebra Ai in its standard form. If Ai has the standard form 
(Ai, H, J, V), then Ai acts on the Hilbert space T-L, J is the modular conjugation, and V is 
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a natural positive cone in % such that every faithful normal state co has a unique vector 
representative |0) in V which is cyclic and separating for M.. Given another normal 
state cp, the densely defined quadratic form 

A\Q,) h-> (p{AA*), VAeM (4.1) 

is closable and there exists an associated positive self-adjoint operator A. It is character- 

i 

ized by the following properties. Ai\0) is a core for A 2 and 

2 



1 



(p{AA*). 



The A was called by Araki the relative modular operato^ of <p and co and it is usually 
denoted by A(cp/ a;) or A^a,. Equivalently A^o, is obtained from the polar decomposition 
of the closure Sq^ of the conjugate linear operator 

A|Q) H> A*|0), 

where |<3>) is the vector representative of (p from V. Namely, 

1 

The operators /, A W;a , and of are the standard ingredients of the Tomita-Takesaki mod- 
ular theory with respect to co or | Q) . The modular group of a; is a one-parameter group 
of automorphisms of M. and it looks like 

of (A) = &% il0 AA-% . (4.2) 

Another Radon-Nikodym derivative-like object for comparison of two states is the Radon- 
Nikodym cocyle discovered by Connesj. If cp is a faithful normal state, then 

[D(p,Dco]t = A]p /L0 A~ U W = Ut (4.3) 

is a cr^'-cocycle and 

of = U t afU;. (4.4) 



1 H. Araki and T. Masuda: Positive cones and L p -spaces for von Neumann algebras, Publ. RIMS, Kyoto 
Univ. 18, 339-411 (1982). 

2 A. Connes: Une classification des facteurs de type III, Ann. Ec. Norm. Sup. 6, 133-252 (1973). 
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4.1 Functional calculus for a class of super-operators 

We introduce two linear super-operators on the space M^(C) of d x d matrices. Left 
multiplication by A is denoted by L A and defined as 

L A (X)^ f AX; 

right multiplication by B is denoted Rg and defined as 

R B (X) = XB. 

These super-operators are associated with the relative modular operator 

A A/B = L^Rg 1 

introduced by Araki in a far more general context. They have the following properties: 

(i) The super-operators L A , Rg commute, i.e. [L A/ Rg] = since 

L A R B (X) = AXB = R B L A (X) 
even when A and B do not commute, i.e. [A, B] ^ 0. 

(ii) L A and R A are invertible if and only if A is non-singular, in which case 

L" 1 = L A _i and R^ 1 = R A _i. 

(iii) When A is self-adjoint, L A and R A are both self-adjoint with respect to the Hilbert- 
Schmidt inner product (A,B) HS = Tr (A*B). 

(iv) When A ^ 0, the super-operators L A and R A are positive semi-definite, i.e. 

(X,L A (X)) HS = Tr (X*AX) ^ 0, (X,R A (X)) HS = Tr (X*XA) = Tr (XAX*) ^ 0. 

(v) When A ^ 0, then 

(L A r=L A *, (R A ) a = R A « 
for all a ^ 0. If A > 0, this extends to all real a. More generally, 

/(L A ) = L /(A) 

for all / : (0, +oo) ->■(-<», +oo). 
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4.2 Version of super-operator representation 



Suppose that O and <S> are separating and cyclic vectors, induced by faithful normal states 
co and <p, respectively, in C2 for A\. Then there exist two non-singular density operators 
D w , D<p £ C?2 such that 

o = d|, * = d|, 

According the Araki relative modular theory, we have that for any X/ £ and Y r £ «4 r/ 

s^(X/0) = x;*, 
F^(Y r n) = y;<d. 



Both expressions are equivalent to 

/ 1 \ 



(4.6) 

for any X, Y £ L (Jf ). Thus if the dimension of the underlying Hilbert space J4? satisfies 
that dim(^T) < +00, then 



for any A,B £ C 2 . 
which implies that 



&(p,co — F<p,coS(p,cv — D<p M D^ 1 , 



J<p,wX — X*, 

aLo = (4.8) 



4.3 Version of vector representation 

Suppose that |Q) and |<3>) are separating and cyclic vectors, induced by faithful normal 
states co and (p, respectively, in H = Hd U-d f° r tz(M) = M Id with M = L (7^)- 
Then there exist two non-singular density operators D w , £ h(%d) such that their 
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1 1 
purifications are |Q) = vec(D^) and |<E>) = vec(D|). According the Araki relative 

modular theory, we have that for any X, Y G L (Hd), 



S^(X®l d )|Q) = (X*<g>l d )|<D>, 
F^(l d (g)Y)|n) = (l d ®Y*)|<D>. 

Both expressions are equivalent to 



(4.9) 



S^vec(XD^) = vec(X*D|), 
F^vec(DjY) = vec(D|Y*), 

for any X, Y e L (% d ). Thus 



S^vec(X) = vec(D a; 2x*D|) / 
F^vec(Y) = vec(DjY* D <7), 



(4.11) 



for any X,Y eL(^). 
which implies that 



/^vec(X) = vec(X*), 

A|,JH) = |<I>), (4.12) 
A 1 ^ = D^(D"") T . 

5 Specific form of natural positive cone 

Let 1-Ld be a d-dimensional complex Hilbert space. Consider a von Neumann algebra 
M. = L (Hd). A faithful representation of von Neumann algebra M. on a Hilbert space 
"H = "H^ (X) "H^ is defined by the following map: 

tt:Xi — ► tt(X) =X(8>l d . 

|Q) = vec(lrf) is a separating and cyclic vector in H for von Neumann algebra n(M.) = 
L (Hd) <g> Id- Thus von Neumann algebra M have a standard representation ( n{ M ), "H, | O) ) . 

According to the definition of the natural positive cone V associated with the pair 
(n(M), |0)) is the closure of the set: 

{7r(M)/(7r(M))|n) : M e M} , 
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where ; : n{M) i — > n(M)' is the anti-linear * -isomorphism defined by 

/(tt(M)) = }n(M)J, VM G M 



More concretely, 

n(M)j(n(M))\n) = {M®l d )J(M®l d )Jvec(l d ) 
= (M<g>l d )J(M<g>l d )vec(l d ) 
= (M ® l d )J vec(M) = (M (8) vec(M*) 
= vec(MM*), 

which indicate that 

P = [{vec(MM*) : M G M}] = [vec(.M + )] = vec(.M + ). 

For any |£) G P, there exists an element X G .M + such that |£) = vec(X), thus 
/vec(X) = vec(X*) = vec(X) since X = X*. Therefore = For any vec(NN*) G 
P for some N G M, we have 

7T(M)j(n(M))vec(NN*) = vec(MNN*M*) = vec((MN)(MN)*) 6 V. 

1 7/) are any given vectors in P. There exist two elements X, Y G .M + such that 
|£) = vec(X) and |//) = vec(Y). Then 

(fa) = (vec(X),vec(Y)) = (X,Y) HS = Tr (XY) ^ 

since X, Y ^ 0. Thus V is a self-dual cone. If Z G .M+ such that vec(Z) G V n then 
vec(Z) G P and vec(— Z) G P, which implies that — Z, Z ^ 0, i.e. Z = -<=>- vec(Z) = 0. 
Therefore V n (-P) = {0}. 

If |£) satisfies that J|£) = then there is an element T G such that |£) = vec(T) 
and vec(T) = / vec(T), which is equivalent to the following formula: 

vec(T) = vec(T*) -<=>- T = T*. 

Now by employing the Jordan decomposition of operators, we have 

T = T + - T~, 
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where T+, T~ e M + and T+T~ = 



0. This means that 



|0 = vec(T) = vec(T+) - vec(T _ ) 

and (vec(T+),vec(T-)) = {T + ,T~) HS = Tr (T+T~) = 0. Denote |^) = vec(T+) and 
= vec(T-), then |£) = |d) - with |Ci>i-|C 2 >. 

For any |g) G "H, there is an element Y|^ G M such that |g) = vec(Y|^). Now since 
can be represented by at most four positive element in H + , H~ , K + , K~ G M + as 
follows: 

Y^ = (H+-H~)+i(K+-K-), 

i.e., 

vec(Y| e) ) = vec(H+) - vec(H") +ivec(K + ) - vec(K-). 
Setting vec(H + ) = \gi),vec(H~) = |g2)/Vec(K + ) = ^3) andvec(i<C~) = ^4), we have 

\Q) = lei) - \Qz) +i|G3> -i|G4>- 

Clearly Ic^), ^3)/ 1 G4) £ ^- Finally H indeed is linearly spanned by V. 

1 

Since any normal positive form to (E -M*,+, it follows that |Q) = vec(D^) is the vector 
representative of \co) in V: co(M) = (Cl\n(M) \ O). 

Given any normal positive forms co^ and co^ for |£)/ \rj) e P, thus we have |£) = 
vec(X) and \rj) = vec(Y) for X, Y e M+: 



10 - k> 



{£-ij\£-ti) = (vec(X-Y) /V ec(X-Y)) 



HS 



= MX — VI 



HS 



l£>- 1*7)11 II 10 + 1*7) II ^ ii--^iihs 
co^-co^ = ||x 2 -Y 

In what follows, we prove the following inequality 
Theorem 5.1. 



X + Y| 



HS' 



(5.1) 
(5.2) 
(5.3) 



l x ~ y IIhs ^ 



X 2 -Y 2 



^ ||X- Y|| HS ||X + Y 



IHS 



(5.4) 



Proof. Since 



X 2 — Y 2 = ^ [(X - Y)(X + Y) + (X + Y)(X - Y)] , 
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it follows that 



X 2 -Y 2 



1 < i||(X-Y)(X + Y)|| 1 + i||(X + Y)(X-Y)|| 1 



By employing Schwarz inequality, we have 

||(X- Y)(X + Y)|| 1 



(x + y)(x-y)|| 1 



^ ll x_ y IIhs II x + y IIhs- 



Thus 



^ ll x - ^IIhs ll x + ^IIhs 



X 2 -Y 2 

Next, we write the spectral decomposition of X — Y as follows: 

X — Y = ^A;|Wf) (Uj\. 

i 

Then 



|X-y| =E|A i ||M f ><u i | / (ui\X-Y\ui) =Af 



Denote 



U = J^sign(Ai)|M f )(Mi|. 



Thus [U,X-Y\ = and \X-Y\ = U(X - Y) = (X - Y)U. Now by the triangle 
inequality, we have 

= \(ui\X-Y\ui)\ = \(ui\X\ui)-(ui\Y\ui)\ 
^ (ui\X\ui) + (ui\Y\ui) 
^ ( Ui \X + Y\ui). 



(5.5) 



Therefore 



x 2 -y 2 



Tr ( ^X 2 - y 2 J U 

\ Tr ((X - y)(X + Y)U) + \ Tr ((X + Y)(X - Y)li) 

= ^|Tr(|x-y|(x + y))+Tr((x + y)|x-y|)| 

= Tr (|X - y| (X + y)) = £ | Ai | Tr ( Mf | (X + Y)) 
= £ I A, | (u f |X + Y\ m) 2 £ | A,- 1 2 = || X - Y || 2 HS . 

i i 

The desired inequality is obtained. 



□ 
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Power s-Stormer's inequality asserts that for s G [0, 1], the following inequality 

2Tr j^B 1 " 5 ) ^Tr(A + B- \A-B\) (5.6) 

holds for any pair of positive matrices A, B. This is a key inequality to prove the upper 
bound of Chernoff bound, in quantum hypothesis testing theoryQ This inequality was 
first proven by Audenaert, using an integral representation of the function t s . After that, 
Ozawa gave a much simpler proof for the same inequality, using facQ that /(f) = t s ,t € 
[0, +oo) is an operator monotone function for s € [0,1]. 

Theorem 5.2 (Powers-Stormer inequality§,1970). For positive compact operators A, B, the 
following inequality is valid: 



Va- 



< -Bill- 



Theorem 5.3. Let A,B be semi-definite positive matrices in M n (C). Then 



2Tr (Va 1 " 8 ) ^ Tr (A + B - \ A-B\ 



holds for any s £ [0, 1]. 



Proof. (N. Ozawa, unpublished) For X self-adjoint, X± denotes its positive /negative part. 
Decomposing A — B = (A — B) + — (A — B)_, one gets 

\ Tr (A + B - | A - B |) = Tr (A) - Tr ((A - B)+) . 



Now the original inequality is equivalent to 

Tr (A) - Tr (Va 1 " 5 ) ^ Tr ((A - B) + ) 



(5.7) 



Note that 



B + (A-B)+^B and B + (A - B)+ = A+ (A - B)_ ^ A. 



3 K.M.R. Audenaert et al. The quantum Chernoff bound, Phys. Rev. Lett. 98, 16050 (2007). 
4 V. Jaksic et al. Quantum hypothesis testing and non-equilibrium statistical mechanics. Rev. Math. 
Phys. 24, 1230002 (2012). 

5 R.T. Powers: Commun. Math. Phys. 16, 1-33 (1970). 
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Since, for s G [0,1], the function x i— >■ x s is operator monotone, i.e. X ^ Y ==>- X s ^ Y s 
for any positive matrices X, Y, we can write 



Tr (A) - Tr (Va 1 " 8 ) = Tr ((A s - B S )A^ 

< Tr (((B + (A- B) + ) S -B S )A 

^ Tr ^((B + (A — B) + ) s — B S )(B + (A — B 

= Tr (B + (A - B) + ) - Tr (b s (B + (A - B)+) 1 " s ) 

^ Tr(B + (A-B) + ). 



□ 



Theorem 5.4 (Ogata^, 2011). Let <p\,<p2 are normal positive linear junctionals on a von Neu- 
mann algebra M. for which the vector representatives in the natural positive cone V are |<3>i) and 
| ^2), respectively. Then we have that, Vs G [0, 1], 

2 



^<pl{l) +02(1) -|fr-02|(l). (5.8) 



2 

T/?e equality holds if and only if 

$2 = ($2 ~ <h)+ + </> flnd <pi = ((p2-<pi)-+ip 
for some normal positive linear functional tp on Ai whose support is orthogonal to the support of 

\(p 2 ~ <pi\. 

Theorem 5.5 (D.T Hoafi 2012). Let f be a 2n-monotone function on [0, +00) such that 
/((0, +00)) C (0, +00). Then for any pair of positive matrices A, B G M M (C), we have: 

2Tr(y / 7(A)g(B) V / /(A)^) ^ Tr (A + B - \ A - B |) , (5.9) 

'7^, fe(0,+oo), 



0, t = 0. 



6 Y. Ogata: A Generalization of Powers-Stormer Inequality. Lett Math Phys 97, 339-346 (2011). 
7 D.T. Hoa et al. On generalized Powers-Stomer's inequality. Linear Algebra and Its Applications 438, 
242-249 (2012). 
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Theorem 5.6 (D.T. Hoa, 2012). Let r be a tracial functional on a C* -algebra A, f be a strictly 
positive, operator monotone function on [0, +oo). Then for any pair of positive elements A, B £ 
A: 



2t (yfWg(B)y/f<A)) ^ t(A + B-\A -B\),g(t) ^ t/f(t) 
Theorem 5.7 (J. Phillipfl 1986). Let A ^ B ^ and t ^ 1. Then 



(5.10) 



A 



l/t _ gl/i 



^ IIA-BI 



8 J. Phillips: Generalized Powers-Stormer inequalities. Talk at the Canadian Operator Theory Confer- 
ence, Victoria, July 1986 (unpublished). 
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